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We present numerical evidence showing that any three-dimensional
subspace of C

3 ⊗ C
n has an orthonormal basis which can be reliably

distinguished using one-way LOCC [1]. By measuring first in the envi-
ronment, the conjecture would imply that the environment-assisted clas-
sical capacity of any rank three channel is at least log 3. Similarly by
measuring first on the system side, the conjecture would imply that the
environment-assisting classical capacity of any qutrit channel is log 3. We
also show that one-way LOCC is not symmetric, by providing an exam-
ple of a qutrit channel whose environment-assisted classical capacity is
less than log 3.

Background

It is known that any two orthonormal states in a bipartite space can be
distinguished perfectly using LOCC [2]. We show that a related prop-
erty holds for any three-dimensional subspace V in C

3⊗C
n, namely that

there is an orthonormal basis which can be distinguished perfectly using
LOCC, provided that we first perform a measurement on the C

3 factor,
and then use the result to select an optimal measurement on the C

n fac-
tor. When C

3 is the system part and C
n is the environment, this is called

an environment-assisting measurement, as opposed to an environment-
assisted measurement in which a measurement is first performed on the
environment and the result used to find an optimal measurement for the
system. In general, we find that

N{sys−→env}(V ) = 3, N{env−→sys}(V ) ≤ 3

where N is the maximum number of orthonormal input states that can
be reliably distinguished in the subspace V . This implies the channel ca-
pacity results stated above. Related work has been done in this area by
Nathanson [3] and Fan [4].

Analysis

LOCC, or Local Operations and Classical Communication, is a method
where local operations are performed separately on both parts of a bipar-
tite system and information about the operations (such as the outcome of
a measurement) are communicated classically between the parts.

Consider the following scenario. You wish to communicate a message
using two states, |ψ1〉 and |ψ2〉, each in C

2⊗C
2. In order for the message

to be successfully interpreted on the receiving end, the two states must be
distinguished.

As an example, take the following states to be |ψ1〉 and |ψ2〉:

|ψ1〉 =
1√
2
(|00〉 + |11〉)

|ψ2〉 =
1√
2
(|01〉 + |10〉)

We are given |φ〉 which is one of the above states. We choose the com-
putational basis for our measurements; the measurement outcomes will
be |0〉 or |1〉. Let’s assume that we measure the first qubit, giving us the
outcome |0〉. This means that the post-measurement state of |φ〉 is one of
the following two states:

|ψ′1〉 = |0〉
|ψ′2〉 = |1〉.

To determine which of these states it is, we measure the second qubit and
get an outcome which is also |0〉. We now know that |φ〉 = |ψ1〉, since
only by measuring |ψ1〉 can we possibly produce the outcomes |00〉. Ta-
ble 1 in Figure 1 shows the correlations between outcomes and states for
this scenario.

Now consider the case where the measurement outcome of the first
qubit affects the choice of the optimal basis for the measurement of the
second qubit:

|ψ3〉 =
1√
2
(|00〉 + |1a1〉)

|ψ4〉 =
1√
2
(|01〉 + |1a2〉)

where |ai〉 = 1√
2
|0〉 ± 1√

2
|1〉. Distinguishing the two states requires that

we first measure the first qubit to determine which basis to use to measure
the second qubit. In other words, do we switch from the computational
basis to the Hadamard basis for the second measurement, or do we mea-
sure again in the computational basis? Table 2 in Figure 1 shows the
respective correlation between measurement outcomes and states.

1st 2nd

0 0 ⇒ |ψ1〉
0 1 ⇒ |ψ1〉
1 0 ⇒ |ψ2〉
1 1 ⇒ |ψ2〉

1st 2nd

0 0 ⇒ |ψ3〉
0 1 ⇒ |ψ4〉
1 a1 ⇒ |ψ3〉
1 a2 ⇒ |ψ4〉

FIGURE 1: Measurement outcomes on the input qubits and the deduced input
state for the respective examples.

These protocols are examples of one-way LOCC. In C
2⊗C

n, it makes
no difference in which order we measure the qubits.

The situation is almost analogous in C
3 ⊗ C

n. Below is an example of
three states in C

3 ⊗ C
3 that can be distinguished using one-way LOCC.

|ψ1〉 =
1√
3
(|00〉 + |1a1〉 + |2b1〉)

|ψ2〉 =
1√
3
(|01〉 + |1a2〉 + |2b2〉)

|ψ3〉 =
1√
3
(|02〉 + |1a3〉 + |2b3〉)

|ai〉, |bj〉 are orthogonal bases other than the computational basis in C
3. It

is clear that the choice of basis for the measurement of the second qutrit
depends on the outcome of the measurement of the first qutrit.

FIGURE 2: Graphical representation of sample measurement bases for the first
and second qutrits for |ψ2〉. The measurement outcomes for the first qutrit are |0〉
(top), |1〉 (middle) and |2〉 (bottom), and the measurement outcomes for the second
qutrit pending the result of the first measurement, are |1〉, |a2〉 and |b2〉, respectively.

In general it is not possible to perfectly distinguish three orthogo-
nal states in C

3 ⊗ C
n using LOCC. However we find that every three-

dimensional subspace has an orthonormal basis which can be perfectly
distinguished using one-way LOCC. The order in which the measure-
ment is made is critical to being able to distinguish the two states: the
first measurement must be done on the C

3 part.

Asymmetry of LOCC

As mentioned above, one-way LOCC is asymmetric; we cannot always
perfectly distinguish orthonormal bases in C

3 ⊗ C
n using environment-

assisted measurements but not using environment-assisting measure-
ments. An example of a subspace in C

3 ⊗ C
5 which does not have a

basis that can be reliably distinguished in such a way is shown below.
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0.1438 + 0.2108i
−0.3214 + 0.1308i
0.1229 + 0.0213i
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It is, however, unknown at this time why only environment-assisting, one-
way LOCC is able to distinguish states perfectly.

Numerical Results

The goal is to find triplets of vectors in C
3⊗C

n that can be distinguished
perfectly. We pose the problem of distinguishing states as an optimization
problem where the objective function that is minimized describes the mu-
tual orthonormality of the environment states given that the system states
are orthonormal. In other words, the algorithm seeks to find two bases,
the first of which is guaranteed to be orthonormal, that allow the states to
be distinguished. The only way this can occur is when the second basis
is also orthogonal.

Description of Algorithm

Let |ψi〉 be three orthonormal states in C
3n which span the subspace, and

let U be a parameterized unitary operator in SU(3); U is thus subject to
8 optimizable parameters. Also, let |ei〉 be a parameterized basis in C

3,
subject to an additional 8 optimizable parameters. Initially, we have

|ψ1〉 = |e1A1〉 + |e2B1〉 + |e3C1〉
|ψ2〉 = |e1A2〉 + |e2B2〉 + |e3C2〉
|ψ3〉 = |e1A3〉 + |e2B3〉 + |e3C3〉,

ignoring the amplitudes. First, U is applied to a matrix with columns |ψi〉,
rotating the states, and thus searching for a better basis. Then, the basis
|ei〉 is rotated. States |ψi〉 are then projected onto |ei〉, after which it is
determined how mutually orthonormal the basis state triplets |Ai〉, |Bi〉
and |Ci〉 are. The mutual orthogonality of these three bases is minimized:

minH =
∑

i6=j
|〈Ai|Aj〉|2 + |〈Bi|Bj〉|2 + |〈Ci|Cj〉|2.

Depending on the value of H , the parameters of U and |ei〉 are accord-
ingly adjusted and the process is repeated until H is minimized.

FIGURE 3: The states |ψi〉 (red vectors) in C
3n are rotated, as well as the basis

|ei〉 (blue vectors) which is also rotated, until a projection of |ψi〉 onto |ei〉 results in
three vectors (black dashed vectors) in C

n which are orthonormal.

Results

Since all spaces C
3 ⊗ C

n, where n ≥ 3, can be reduced to some Hilbert
space C

3 ⊗ C
d, where 3 ≤ d ≤ 9, we only need to sample these seven

subspaces. The table below gives the average minimum value found by
the optimizer for each subspace, as well as the number of tested bases.

n Min. H # subspaces
3 2.816258× 10−8 138211

4 3.789893× 10−8 30271

5 3.789893× 10−8 32278

6 4.127063× 10−8 30000

7 4.394015× 10−8 30000

8 5.130496× 10−8 30216

9 5.594670× 10−8 30006

The optimization was successful in minimizing the objective function to
zero for each sampled basis for the threshold of 10−6.

Conclusion

This evidence leads us to believe that it is possible to perfectly distinguish
any three orthogonal states in C

3⊗C
n using one-way LOCC . Currently,

it is unknown why it is possible to use coordinated partial product mea-
surements in lieu of an entangled measurement. It is also unknown why
the order of the partial measurements affects the degree to which states
can be distinguished. Further investigation has also shown that one-way
LOCC cannot be used to distinguish entangled bases in C

4⊗C
n or higher.
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